This manuscript presents an attempt to introduce Lagrangian formalism for mechanical systems using para-quaternionic Kähler manifolds, which represent an interesting multidisciplinary field of research. In addition to, the geometrical-physical results related to para-quaternionic Kähler mechanical systems are also given.
in electromagnetic fields, Kepler problem of the earth in orbit around the sun, pendulum, molecular and fluid dynamics, LC networks, Atwood's machine, symmetric top etc. Let's remember some work done. Vries shown that the Lagrangian motion equations have a very simple interpretation in relativistic quantum mechanics [5] . Paracomplex analogue of the Euler-Lagrange equations was obtained in the framework of para-Kählerian manifold and the geometric results on a paracomplex mechanical systems were found by Tekkoyun [6] . Electronic origins, molecular dynamics simulations, computational nanomechanics, multiscale modelling of materials fields were contributed by Liu [7] . Bi-paracomplex analogue of Lagrangian systems was shown on Lagrangian distributions by Tekkoyun and Sari [8] . Tekkoyun and Yayli presented generalized-quaternionic Kählerian analogue of Lagrangian and Hamiltonian mechanical systems. Eventually, the geometric-physical results related to generalized-quaternionic Kählerian mechanical systems are provided [9] .
Nowadays, there are many studies about Euler-Lagrangian dynamics, mechanics, formalisms, systems and equations [2, 4, 10, 11, 12] and there in. There are real, complex, paracomplex and other analogues. As known it is possible to produce different analogous in different spaces. Quaternions were invented by Sir William Rowan
Hamiltonian as an extension to the complex numbers. Hamiltonian's defining relation is most succinctly written as:
Split quaternions are given by
Generalized quaternions are defined as
If it is compared to the calculus of vectors, quaternions have slipped into the realm of obscurity. They do however still find use in the computation of rotations. Lots of physical laws in classical, relativistic, and quantum mechanics can be written pleasantly by means of quaternions. Some physicists hope they will find deeper understanding of the universe by restating basic principles in terms of quaternion algebra [13, 14, 15, 16, 17, 18, 19] .
In the present paper, we present equations related to Lagrangian mechanical systems on a generalizedquaternionic Kähler manifold.
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In this study, all the manifolds and geometric objects are C ∞ and the Einstein summation convention is in use. Also, A, F (T M ), χ(T M ) and Λ 1 (T M ) denote the set of paracomplex numbers, the set of (para)-complex functions on T M , the set of (para)-complex vector fields on T M and the set of (para)-complex 1-forms on T M , respectively. The definitions and geometric structures on the differential manifold M given in [20] may be extended to T M as follows:
Conformal Geometry
In mathematics, a conformal map is a function which preserves angles. In the most common case the function is between domains in the complex plane. Conformal maps can be defined between domains in higher dimensional
Euclidean spaces, and more generally on a Riemann or semi-Riemann manifold. Conformal geometry is the study of the set of angle-preserving (conformal) transformations on a space. In two real dimensions, conformal geometry is precisely the geometry of Riemann surfaces. In more than two dimensions, conformal geometry may refer either to the study of conformal transformations of "flat" spaces (such as Euclidean spaces or spheres), or, more commonly, to the study of conformal manifolds which are Riemann or pseudo-Riemann manifolds with a class of metrics defined up to scale. A conformal manifold is a differentiable manifold equipped with an equivalence class of (pseudo) Riemann metric tensors, in which two metrics g ′ and g are equivalent if and only
where λ > 0 is a smooth positive function. An equivalence class of such metrics is known as a conformal metric or conformal class [21] .
in the 1910 that is actually a classical theory for gravitation. However, the universe is really completely not 
where λ is a smooth function on M . The equation given by (4) is called a conformal structure
where G is a conformal structure. Note that a Riemann metric g and a one-form ϕ determine a Weyl structure, namely F : G → ∧ 1 M where G is the equivalence class of g and F (e λ g) = ϕ − dλ. i) The endomorphisms F, G and H of T x M satisfy
ii) The compatibility equations are given by, for
where I denotes the identity tensor of type (1,1) (6) and (7) in any coordinate neighborhood
Then V is called a generalized-quaternionic structure in M . The pair (M, V ) denotes a generalized-quaternionic manifold with V . The structure V with such a Riemannian metric g is called a generalized-quaternionic metric structure. The triple (M, g, V ) denotes a generalized-quaternion metric manifold. Let {x i , x n+i , x 2n+i , x 3n+i } , i = 1, n be a real coordinate system on a neighborhood U of M, and let
and {dx i , dx n+i , dx 2n+i , dx 3n+i } be natural bases over R of the tangent space T (M ) and the cotangent space T * (M ) of M, respectively. Taking into consideration (6), then we can obtain the expressions as follows:
Generalized-Quaternionic Conformal Kähler Manifolds Definition 2. Let (M, g, ∇, J ± ) be an almost para/pseudo-Hermitian Weyl manifold. If ∇(J ± ) = 0, then one says that this is a (para)-Kähler Weyl manifold. Note that necessarily J ± is integrable in this setting.
is a (para)-Kähler Weyl manifold with dimension n ≥ 6 and with H 1 (M ; R) = 0, then the underlying Weyl structure on M is trivial. After this part W will be used instead of J. A manifold with a Weyl structure is known as a Weyl manifold.
λ second structure was chosen the minus sign. Because the condition of the structure required to provide.
. If we rewrite (8) equation with conformal structure, we obtain the following equations:
We continue our studies thinking of the (M, g, ∇, W ± ) instead of the almost para/pseudo-Kähler Weyl manifolds
Conformal Euler-Lagrangian Mechanical Systems
Here, we obtain Euler-Lagrange equations for quantum and classical mechanics by means of a canonical local basis {F, G, H} of V that they defined on a generalized-quaternionic Kähler manifold (M, g, V ). Firstly, let F take a local basis element on the generalized-quaternionic Kähler manifold (M, g, V ), and {x i , x n+i , x 2n+i , x 3n+i } be its coordinate functions. Let semispray be the vector field X determined by
where
x 3n+i and the dot indicates the derivative with respect to time t. The vector field defined by
is named a conformal Liouville vector field on the generalized-quaternionic Kähler manifold (M, g, V ). For F , the closed generalized-quaternionic Kähler form is the closed 2-form given by Φ
Then we have
Then we calculate
Energy function is
and hence
Using (1) and also considering an integral curve of X, then we obtain the equation given by
Then we have the equations 
such that the equations calculated in (17) 
we obtain the following Euler-Lagrange equations for quantum and classical mechanics by means of Φ (17), (20) and (21) we say to be Euler-Lagrange equations on a para-quaternionic Kähler manifold. In these days, Lagrangian models arise to be a very important tool since they present a simple method to describe the model for mechanical systems. One can be proved that the obtained equations are very important to explain the rotational spatial mechanical-physical problems. For this reason, the found equations are only considered to be a first step to realize how a generalized-quaternionic geometry has been used in solving problems in different physical area.
In the literature, the equations, which explains the linear orbits of the objects, were presented. This study explained the non-linear orbits of the objects in the space by the help of revised equations using conformal structure.
Our proposal for future research, the Lagrange mechanical equations derived on a generalized-quaternionic
Kähler manifold are suggested to deal with problems in electrical, magnetical and gravitational fields of quantum and classical mechanics of physics.
